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Abstract. In 1989, Vaughan Jones introduced spin models and showed that 
they could be used to form link invariants in two different ways — by construct- 
ing representations of the braid group, or by constructing partition functions. 
These spin models were subsequently generalized to so-called 4-weight spin 
models by Bannai and Bannai; these could be used to construct partition 
functions, but did not lead to braid group representations in any obvious way. 
Jaeger showed that spin models were intimately related to certain association 
schemes. Yamada gave a construction of a symmetric spin model on An vertices 
from each 4-weight spin model on n vertices. 

In this paper we build on recent work with Munemasa to give a different 
proof to Yamada's result, and we analyse the structure of the association 
scheme attached to this spin model. 



1. Introduction 

Spin models are a special class of matrices introduced by Jones in [Hj as a tool 
for creating link invariants. There are two strands to their subsequent development 
that are of interest to us. First, Jaeger and Nomura showed that all spin models 
could be realized as matrices in association schemes (see ^H])- Hence spin models 
have a combinatorial aspect and, perhaps more importantly, the search for new spin 
models was reduced to the search for certain special classes of association schemes. 
(This means that the search space is discrete rather than continuous.) 

The second strand was the development of more general classes of models, culmi- 
nating in the four- weight spin models of Bannai and Bannai [2] ■ These models are 
formed from a pair of matrices; they still provided link invariants, but apparently 
lacked the intimate connection to association schemes. 

In 0j, Munemasa and the present authors developed a new approach to spin 
models, based on what we called Jones pairs. We showed that these included the 
four-weight spin models as a special case. As a result we were able to show that 
each four-weight spin model determines a pair of association schemes. 

In [TT], Yamada showed that each four- weight spin model of order n embeds in 
a very natural way in a spin model of order An. We give a complete and different 
proof to Yamada's result. In addition, the tools we develop in Sections to El allow 
us to analyze the structure of A/y , which was not investigated in |1 1| . 
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2. Invertible Jones Pairs 

Given two matrices A and B of the same order, we use A o B to denote their 
Schur product, which has 

(A o B) it j =A itj B iij . 

If all entries of A are non-zero, then we say A is Schur invertible and define its 
Sciiur-inverse, A^~\ by 

A^ J- 

Equivalently, we have A^~^ oi = J, where J is the matrix of all ones. 

For any n x n matrix C, we define two linear operators Xq and A<^ as follows: 

X C {M) := CM, A C {M) := C a M for all M e M n (C). 

Given a linear operator V on M„(C), we use Y T to denote its adjoint relative to 
the non-degenerate bilinear form tr(M T N) on M„(C), and call it the transpose of 
Y. It is easy to see that 

X^—X C T, A c — Ac- 

A Jones pair is a pair of n x n complex matrices ( A, B) such that Xa and Ab are 
invertible and 

X A A B X A = A B X A A B , (2.1) 
XaA b tX a — A b tXaA b t . (2.2) 

Note that Xa and As are invertible only if A is invertible and B is Schur invertible. 
It is also easy to observe that (A, B) is a Jones pair if and only if (A, B T ) is a Jones 
pair. Jones pairs are designed to give representation of braid groups using Jones' 
construction. Please see Section 2 of ^ for a description of the construction. 
An n x n matrix W is a type-II matrix if 

WW { ~ )T = nl. 

Note that a type-II matrix is invertible with respect to both matrix multiplication 
and the Schur product. We say that a Jones pair (A, B) is invertible if A is Schur 
invertible and B is invertible. Theorems 7.1 and 7.2 of 0] imply that a Jones pair 
(A, B) is invertible if and only if A and B are type-II matrices. 

Let Wi, W2, W3 and W4 be n x n complex matrices and let d be such that 
d 2 = n. A four-weight spin model is a 5-tuple (Wi, W2, W3, W4; d) that satisfies 

W 3 = Wi ( ' )T 1 W 2 = W4 { - )T , (2.3) 

W1W3 = nl, W2W4 = nl, (2.4) 

(WiKaTOmTOm = d(1^4k J (^i)^(V^ 4 )fe J - ( 2 -5) 



E 

/i=i 



£(Wk) M ( w i)<.fc( w 4)i.>» = d(W4)j,i(Wi) i)fc (W4)j lfc . (2.6) 

From (EH and (EH), we see that both W\ and W4 are type-II matrices and they 
determine W3 and W2, respectively. Furthermore, it is straightforward to verify 
that Equations 12.5(1 and 1)2.6(1 are equivalent to Equations 1(2.1(1 and ((2.2(1 when 
Wi = and W 4 = B. 
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Jaeger showed in [Hj that (A, B) and (C, B) are invertible Jones pairs if and 
only if C = DAD -1 for some invertible diagonal matrix D. We say that these two 
invertible Jones pairs are odd-gauge equivalent. Proposition 7 of [B| states that for 
every invertible Jones pair (A, B), there exists an invertible diagonal matrix D such 
that DAD -1 is symmetric. Since odd-gauge equivalent invertible Jones pairs give 
the same link invariants, we suffer no loss by considering only invertible Jones pairs 
whose first matrix is symmetric. 

3. Nomura Algebras 

We start this section by defining the Nomura algebras Ma,b and N' AB of a pair 
of n x n matrices. When A is a type-II matrix and B = A^', our construction 
gives the Nomura algebras discussed in [Jj and ^01 • The definitions here are taken 
from 

Let A and B be n x n matrices, let e\, . . . , e n be the standard basis vectors in 
C™ and form the n 2 column vectors 

Aei o Bej for i, j = 1, . . . , n. 

We define Ma,b to be the set of matrices of which Aei o Bej is an eigenvector, for 
all i, j = 1, ... ,n. This set of matrices is closed under matrix multiplication and 
contains the identity matrix /„. 

For each matrix M £ Ma,b, we use Qa,b(M) to denote the n x n matrix that 
satisfies 

M{Aei o Bej) = e AtB (M) itj (Aei o Bej). 
We view Qa,b as a linear map from Ma b to M„(C) and we use N' A B to denote 
the image of Ma,b- By the definition of Oa,b, we have 

Q A , B (MN) = Q A , B (M) o Q a , b {N). 

Consequently the space Af A B is closed under the Schur product. Since /„ £ Na,b, 
the matrix 6,4^(4) = Jn belongs to Af' A B . We conclude that M A B is a commu- 
tative algebra with respect to the Schur product. 

If A is invertible, then the columns of A are linearly independent. Further if B 
is Schur invertible, then for any j 

{Aei o Bej, Ae<i o Bej, . . . , Ae n o Bej} 

is a basis of C n . In this case, the map &a,b is an isomorphism from Na.b, as 
an algebra with respect to the matrix multiplication, to Af' A B , as an algebra with 
respect to the Schur product. We conclude from the commutativity of M' A B that 
Ma,b is commutative with respect to matrix multiplication. 

The following result is called the Exchange Lemma. It will serve as a powerful 
tool in Sections and |7| The proof of Theorem l3.2l also demonstrates the usefulness 
of this lemma. 

3.1. Lemma (@], Lemma 5.1). [Exchange] If A, B,C,Q, R, S £ M„(C) then 

XaA-bXc = AqX r As 

if and only if 

Xa&-cX b — ArXqA s t . □ 

3.2. Theorem. // A and B are n x n type-II matrices, then the following are 
equivalent: 
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(a) R G Ma.b and S = Qa,b{R)- 

(b) XrAbXa = A B X A A S . 

(c) X R A A X B = A a X b A s t. 

(d) A b tX B (-) T A n jj = X s t A A (-)tX A t . 

(e) A A (-)tX A t A nRT — X s A b tX B (-) T . 

Proof. The equivalence of (jsj and JEJ follows from Theorem 6.2 of 0]. 
Applying the Exchange Lemma to |EJ) gives (jcj) , which is equivalent to 

A A (-)X R A A — X b A S tX b -i. (3.1) 

Applying the Exchange Lemma to Equation (|3.1() again, we get 

ArX A (~) A a t = X b A b -iX s t . 

Now we have B~ x = n^ 1 B^ T and = n(A _1 ) T because A and B are type-II 
matrices. The above equation becomes 

^■rX^a-^t A A t = X B A n -i B (-) T X S T, 

which leads to 

A B TX B -iA nR — X S t A A{ -) T X n -i A T . (3.2) 

We get |3} after multiplying both sides of Equation (|3.2|1 by n and replacing nB~ x 
byB^ T . 

Taking the transpose of both sides of Equation (|3.2|l gives 
A nR X( B -i^T A b t = X n -i A A A (-) T Xs 

and 

A A tX A (-) T A nR = XsA B (-)tX b t. 
We get Q after applying the Exchange Lemma to the above equation. □ 
Now we state an easy consequence of Theorem 13.21 ( |b| l . 

3.3. Corollary (0], Lemma 10.2). Let A and B be n x n type-II matrices. If 
R G Ma,b then 

R T eM A (-), B (-h and Q M - )tBi - ) (R T ) = e A<B (R). □ 

4. Nomura Algebras of a Type-II Matrix 

When A is a type-II matrix and B — A^~\ existing papers such as |7j use 
Ma, M' a an d ©a to denote Ma,b , M' A b an d 8a,b, respectively. The algebra Ma 
is called the Nomura algebra of A. We now present some results on Ma due to 
Jaeger, Matsumoto and Nomura |Zj which we will use later. 

When B = A^~~\ Condition 13.21 ijgj) becomes 

A A (-)T X A T A nR T — XsA A (-)tX A T, 

and it implies 

e AT (s) = e AT (e A (R)) = n R T . (4.1) 

We conclude that if R G M A then Qa(R) G M a t and R T G M' a t- Hence 

M' A C M a t and dim(M A ) = dim(A/"J) < dim(M AT ). 
Similarly A T is also a type-II matrix, so 

M' a tCM a and dim(A/>) < dim(M A ). 
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Therefore M' A = Mat and M' AT — Ma , which implies that Ma and Mat are closed 
under both matrix multiplication and the Schur product. It also implies that Ma = 
M' A t is closed under the transpose. Since A is invertible and is Schur invertible, 
the map Qa is an isomorphism from Ma to M' A . Hence Ma is commutative with 
respect to matrix multiplication. In summary, the algebra Ma is commutative with 
respect to matrix multiplication, is also closed under the transpose and the Schur 
product, and contains / and J. In other words, Ma is a Bose-Mesner algebra. 

We now investigate the properties of the map 9^. Let M and N be matrices in 
Ma- Since Q A t : Mat — * Ma is an isomorphism, there exist M' and N' in Mat 
such that Q AT (M') = M and Q A t(N') = N. Hence 

Qa(MoN) = Qa(Qat(M')oG A t(N')) 

= Q A (Q A t(M'N')) 

which equals n(M'N') T by Equation 14. Since 

G A (M) = Q a (Q A t(M')) = nM' T 

and Q A (N) = nN' T , we have 

Q A (MoN) = -(nN' T )(nM' T ) 
n 

= -Qa{N)Qa(M) 
n 

= -e A {M)0 A (N), 
n 

the last equality results from the commutativity of M' A - Now we conclude that 
swaps matrix multiplication with the Schur product. 

Furthermore, applying ~Qa to the two rightmost terms of Equation (|4.1|l gives 

-e A (e AT (e A (R))) = e A (R T ). 

n 

It follows from Equation 1)4.1(1 that the left-hand side equals ®a(R) t ■ Thus Qa 
and the transpose commute. From Corollary 13.31 we see that 

e A( _)(i?) = e A ( J R) T . 

Also note that by Equation 1(4. we have 

e A (j) = e A (e AT (i)) = ni. 

We call Qa a duality map from Ma to M A t and say that these two Bose-Mesner 
algebras form a formally dual pair. If Ma = Mat and Qa = Qa t > we say that it is 
formally self-dual. 

A spin model is an n x n matrix W such that (W, W, W^~\ W^; d) is a four- 
weight spin model, for d 2 = n. It follows from Section 9 of ^ that W is a spin model 
if and only if (d^W, W^) is an invertible Jones pair. In [7], Jaeger, Matsumoto 
and Nomura gave the following characterization of a spin model W using its Nomura 
algebra Mw- 

4.1. Theorem (jjj, Theorem 11). Suppose W is a type-II matrix. Then W £ Mw 
if and only if cW is a spin model for some non-zero scalar c. In this case, 

Mw = Mw T 

is a formally self-dual Bose-Mesner algebra with duality map Qw = Qw T ■ I— ' 
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5. Nomura Algebras of an Invertible Jones Pair 

We study the relation among the different Nomura algebras of an invertible Jones 
pair. 

5.1. Theorem (U, Theorem 3). If (A, B) is an invertible Jones pair, then 

M a = M a t = M B = M b t, 
the duality maps satisfy Qa = @a t an d ©s = ©b t - ^ 

Bannai, Guo and Huang pQ proved this result for four-weight spin models, which 
are equivalent to invertible Jones pairs. For an alternate proof using the Nomura 
algebras of A and B, see Section 10 of @]. 

Let A and B be type-II matrices. We see from Theorem 13.21 (JaJ and jEJl that 
(A, B) is an invertible Jones pair if and only if A G Ma : b HA^^r, &a,b{A) = B 
and Qa.b t (A) — B T . The next two results provide some insights to the relations 
among Ma,b, N'a,b an d Ma- 

5.2. Theorem ( 4 , Theorem 10.3). Let A and B be n x n type-II matrices. If 
F G Ma, G g Ma.b an d H G Mb, then F o G, and G o H belong to Ma,b md 

e A , B (FoG) = n-^AiF) Q a ,b(G), 
QaMGoH) = u^QaAG) 6b(H) t . 

□ 

5.3. Theorem ( 4 , Theorem 10.4). Let A and B be n x n type-II matrices. If 
F,G G Ma,b, then F o G T G Ma H Mb and 

& A (FoG T ) = u^QaMF) Qa,b(G) t , 

e B (FoG T ) - n- 1 6 AjS (F) T G A , B (G). (5.1) 

□ 

We list two consequences of Theorems 15.21 and 15.31 

5.4. Theorem ( 4 , Theorem 10.6). Let A and B be n x n type-II matrices. If 
Ma,b contains a Schur invertible matrix G and H = Qa.b(G), then 

Ma,b = GoM a , M a , b H t =M a t. □ 

5.5. Corollary (g], Corollary 10.9). If (A, B) is an invertible Jones pair, then 

B (M) T = B~ 1 e A (M)B 
for all Me M A - □ 

Now we present an important application of Theorems l5.2l and l5.3l which implies 
that the Nomura algebras Ma, Ma,b and M' A b bave the same dimension. 



5.6. Theorem. Let (A, B) be an invertible Jones pair. Then 

S' A . B B T = M A 



Mab =AoM a , M' a . b B t = M A 



and 

X'a,b = (M' a .bt) t . 
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Proof. We get the first equality by letting G = A in Theorem 15.41 Since B = 
Oa,b(A), we have 

M'a,bB t = M A t. 

By Theorem 15. II we have Mat = Ma and hence the second equality holds. 
If we replace B by B T in the above equality, then we get 

M' a>bt B = M A t. 

Since multiplication by B is injective, the dimensions of Ma — Ma t and M' A BT are 
equal. Now we let G equal A and replace B by B T in Equation (|5.1(l . We get 

M' b t c (ACt, B T) T i? T . 

By Theorem l5.ll A/a = A/b = A^ T • Since Ma and A/"i BT have the same dimension, 
we have 

M A = {M' ab t) t B t . 

Thus M' A B B T = (M' A b t) t B T , which leads to the last equality of the theorem. □ 

5.7. Corollary. Let (A, B) be an invertible Jones pair. Then 

Ma,b = Ma,b t - 
Moreover, if A is symmetric, then 

Mam = {M a ,b) t . 

Proof. Applying Theorem 15.61 to the invertible Jones pairs (A, B) and (A, B T ) 

gives 

M a ,b = AoM a =M a , b t. 

Using the same equation, we have M AB = A T o M A . Since Ma is closed under the 
transpose and A is symmetric, we conclude that Ma.b — M A B . D 



6. A Bose-Mesner Algebra of order An 

From now on, we assume that (A, B) is an invertible Jones pair and A is sym- 
metric. 

6.1. Lemma. For each H in Ma.b, there exists a unique matrix K in (Ma,b t ) T 
such that 

QaAH)=®a,bt{K t ) t . (6.1) 

Proof. Existence follows directly from the last equality in Theorem 15.61 while 
uniqueness holds because Qa,b t is an isomorphism. □ 

Given any matrix H in Ma,b, we say that the unique K in M' AB satisfying 
Equation (|6.1|l is paired with H . 

6.2. Lemma. For each H in Ma,b, K in M' A B is paired with H if and only if K T 
is paired with H T . Moreover we have 

e A {H o A) = Q b t{K t oA). (6.2) 
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Proof. Multiplying each side of Equation (|(>. If) by n 1 Q a ,b(A) t = n 1 Q>a,b t (A) 
gives 



n 



- 1 Qa,b{ H ) Q A,b{ A ) T = n^Q A ^ BT (K T ) T Q A ^ BT (A). 



We apply Theorem l5.3l to both sides of the above equation to get 

e A (H o a t ) = e B T {k t o a t ). 

Since A is symmetric, we see that Equation (J6.1JI is equivalent to Equation l)fi.2[l . 
In addition, taking the transpose of both sides gives 

Q A (H T oA) = ® b t(KoA). 

Therefore H and K satisfy Equation (|6.1() if and only if H T and K T satisfy Equa- 
tion (E3J. □ 

For any F G M A and H,G G M A ,b, we define the An x 4n matrix M(F, G, if) to 

be 

(Q A {F)+H Q A (F)-H Oa.b(G) & A .b(G) \ 

e A {F)-H Qa(F)+H G a .b(G) &a,b(G) 
&a,b(G t ) t Qa.b{G t ) t B( -,(F) + K B B ,- ) (F)-K 
\Qa,b(G t ) t QaAG t ) t e Bl - ) (F)-K & Bi - ) (F)+Kj 

where K is paired with H. We consider the space 

B := {M(F, G,H) : F E Ma and H, G G M A ,b}- ( 6 - 3 ) 

Now we show that B is a Bose-Mesner algebra. It turns out that B contains the 
An x An type-II matrix V defined at the beginning of Section[7]and it is a subscheme 
of Mv- This leads to the main result of this paper which says that V is a spin model 
if and only if (A, B) is an invertible Jones pair. 

To convince ourselves that B is a Bose-Mesner algebra, we need to check that B 
contains the identity matrix and the matrix of all ones J4„; it is closed under 
the transpose; it is a commutative algebra with respect to matrix multiplication; it 
is closed under the Schur product. 

6.3. Lemma. The vector space B contains I in and J^ n . 
Proof. The matrix K that is paired with i/„ satisfies 

e A , B T(K T ) T = e A , B {h n ) = l -j n . 

Since Q A b t is an isomorphism, we conclude that K — \l n - Note that Q A (-^J n ) — 
\l n . Thus M(±J n ,0, |J„) = hn belongs to B. 

Since Q A (I n ) = @A,B(I n ) = J n , the matrix M(I n ,I n ,0) = Jin belongs to B. □ 

6.4. Lemma. The vector space B is closed under transpose. 

Proof. Let M(F, G, H) G B. Now M(F, G, H) T equals 

fe A (F) T + H T Q A (F) T -H T & A . B {G T ) Qa,b{G t ) \ 

®a{F) t — H T e A (F) T + H T Q A . B (G T ) &aAG t ) 

&a,b(G) T Oa.b(G) t Q b ^{F) t + K t Q B ^(F) T -K T 

V & A ,b(G) t e A . B (G) T e B( -,(F) T -^ T Q Bi - } (F) T + K T J 
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Since Na,b is closed under the transpose, the matrices G T and H T belong to Na,b- 
It follows from Lemma 16.21 that K T is paired with H T . Moreover, Qa(F) t = 
&a{F t )- As a result we conclude that 

M(F, G, H) T = M(F T , G T , H T ), 

and the vector space B is closed under the transpose. □ 

6.5. Lemma. The vector space B is a commutative algebra under matrix multipli- 
cation. 

Proof. Let M = M(F, G, H) and M x =M(Fi,G 1 ,H 1 ) be any matrices in B. 
By Theorem 15 .31 we have 

Qa,b(G)Qa,b(Gi) t = n& A (G o Gi). 

Hence the top left 2n x 2n block of MM\ equals 

(2n@ A (F oF 1 +GoG 1 ) + 2HH X 2nQ A (F oFi + Ga G{) - 2HH 1 \ 
\2n<d A (F o Fx + G o Gi) - 2HH 1 2n<d A (F o F ± + G o Gi) + 2HH 1 ) ' 

Similarly, by Theorem 15. 31 

Q a,b{G t ) t Q a,b{G\) = nQ B {G T oGl) 
= r9b(GoGi) t 
= ne BH (GoGi). 

Consequently the bottom right 2n x 2n block of MM\ equals 

(2nO Bl -) (FoFi+Go G\) + 2KK 1 2nQ B (-) (F o Fx + G o Gi) - 2FFA 
\2ne B( -, (F o Fx + G o Gi) - 2FFi 2nQ Bl -) (F o Fi + G o Gi) + 2FfJ ' 

where F and K\ are paired with H and respectively. Now we need to show 
that KK\ is paired with HH\. From Equation 16.1fl . we have 

QaAH) = e A , B T(F T ) T and &a,b( H i) = Qa,bH k i) T - 

Therefore 

QaAHHx) = QaAH)oQ a ,b{Hi) 

= e A , B T(K T ) T oQ A:BT (Klf 
= Q A , BT {K T Kl) T . 
Since N"a B T is commutative with respect to matrix multiplication, 
QaA hh i) = &a,bt{{KK x ) t ) t . 
We now consider the top right 2n x 2n block of MM\. Note that 
2e A (F)6 A , B (G 1 ) + 2<d A .B(G)<d B ^ (F x ) 
= 2Q A (F)& A:B (Gi) + 2®aAG)®b{F 1 ) t . 
Applying Theorem 15. 21 to each term, we get 

2ne A ,B{FoG 1 +G0F1). 
Thus the top right 2n x 2n block of MM\ is 

(2nO A .B(F o Gi + G o Fi) 2nO A .B(F o Gi + G o Fi)\ 
^2n8A^(F o Gi + G o Fi) 2718^13 (-F o Gi + G o Fx)) ' 
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Consider the bottom left 2n x 2n block of MMi, we have 

2Q AtB (G T ) T Q A {F 1 ) + 2e B( -> (F)Q A:B (Gj ) T 

= 2e AtB (G T ) T A (F 1 ) + 2e B (F) T G A , B (G{) T . 

Since each of Q A and Ob commutes with the transpose, the above expression 
becomes 

2Q a , b {G t ) t Q a {fT) t + 2Gb(F t )Q a ,b(G1 f, 

which equals 

2n& A , B (F? o G T + G\ o F t ) t 
by Theorem 15 .21 Hence the bottom left 2n x 2n block of MM\ is 

(2nQ A . B {F? oG T + Glo F T ) T 2nQ A , B (K oG T + Gfo F T ) T \ 
{2nQ A , B (Fi ° G T + G\ o F t ) t 2n® A , B {F? o G T + G\ o F T ) T ) ' 
Now we conclude that 

MMi = M{2nF oF x + 2nG o G u 2nF o G x + 2nG o F 1 ,2HH 1 ) 
belongs to 

It follows from the commutativity of Af A}B = N A b t that FFi = HiH and 
FF'i = K\K. Therefore all four 2n x 2n blocks of MM\ remain unchanged after 
swapping F with F\, G with Gi, H with H x and AT with K\. Consequently the 
matrices M and Mi commute. □ 

6.6. Lemma. The algebra B is closed under the Schur product. 

Proof. Let M = M(F, G, H) and Mi = M(F X , G x , Hi) be two matrices in B. 
We want to write M o Mi as M(F',G',H'), for some F' in M A and G" and H' in 
Af A . B . If we divide M o Mi into sixteen n x n blocks naturally, then the (1, 1)- and 
(2, 2)-blocks of M o M x are equal to 

&a(F) o Q A (Fi) + HoH x + e A (F) 0H1 + Q A (Fi) o 
= (6 A (FFi) +HoHi) + (Q A (F) o F x + e A (Fi) o F) . 

The (1, 2)- and (2, l)-blocks of M o Mi are equal to 

(eA(FFi) + H0H1)- (& A {F) o #i + A (FO o F) . 

The (3, 3)- and (4, 4)-blocks of M o Mi are equal to 

(0 B( -j (FFi) + F o Xi) + (9 B <-> (F) o F a + e B( -, (Fx) o K) . 

The (3, 4)- and (4, 3)-blocks of M o Mi are equal to 

(0 B( _j (FFi) + F o Fi) - (9 B( -) (F) o F a + 6 B( -> (Fi) o F) . 

To determine F', we need to show that there exists F <E M A such that 

H o Hi — Q A (F) and F o F x = 6 B( -) (F), 

and F' = FFi + F. Now the matrix F is paired with H. Right-multiplying both 
sides of Equation (|6.1I) by B^ T yields 

G A MH)B^ T = e A , BT (K T fB^ T , 

which is rewritten as 

e A , B (ff)e A , B (A- 1 ) T = e A , B T(F T ) T e A , B T(A- 1 ). 
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Since A^ 1 — ^A^ J ', the above equation is equivalent to 

-q a , b {h)Qa.b{a^ t ) t = -e A .BT(K T ) T e A ^(A^ T ) 

n n 
Applying Theorem 15.31 to each side, we get 

& A (H o = e BT (K T o 

Applying Corollary 13. 31 to the right-hand side, we get 

Q A (HoA^) = Q B i-) T (K oA^ T ) 

= 9 B( -,r(XoA(-)). 

Similarly, Mi S B. By Lemma \6. 21 the matrices Hi and ifi satisfy Equation 16.211 

Q A (H X o A) - Q BT {Kl o A) = o A T ). 

Since A is symmetric, 

e A (ffoiH) e A (Hioi) = e BH T(ifo^-)) e BH T(i(ioi) 

and 

9 A (ff o oH\o A) — Q B{ - )T {K o A { - ] oK x o A), 
which simplifies to 

Q A (HoH 1 )=Q B( - )T (KoK 1 ). 
If we let F = ±@ A (H o H 1 ) T , then 

e A (#) = -q a (q a (hoh 1 ) t ) 
= -e A (e A (i/oij 1 )) T . 

n 

Since A is symmetric, it follows from Equation (|4.1|) that Q A (F) — H o Hi and 

= iToifi. 

As a result we have F' = FF 1 + ±G A (HoHi) T . 

We see from the (1, 1)- and (1, 2)-blocks of M o Mi that if' should be equal to 
Q A (F)oHi+e A (Fi)oH. We now need to verify that e B (-,(F)oKi + Q B{ - } (Fi)oK 
is paired with H' . That is, 

Q a , b (^a(F)oHi+Q a (F 1 )oH) (6.4) 

= Qa, B t ((e B( -) (f) o jifj + e B( _, (f x ) o x ) T ) T . 

Applying Theorem 15.21 gives 

eA,B(e A (F) o Hi + e A (Fi) h) 

= -Q A (QA(F))e A , B (Hi) + -Q A (e A (Fi))e A . B (H) 

n n 
= F T Q A . B {Hi) + F 1 T Q A>B (H). 

By Equation 16. ID . the above expression equals 

F T Q A>BT (K?) T + F?e A>B T(K T ) T = (e A , BT (K{)F + e ABT (K T )Fi) T . 
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By Equation (|4.1|l . we see that F = n 1 9 b t (9 b (F)) t and consequently the above 
expression is equal to 

-Qa,bt{kI)Q b t{Q b {F)) t + -Q a , b t(K t )Q b t{Q b {F 1 )) t 
n n 

Applying Theorem 15.21 yields 

e A , B T« o e B {F)) T + e AiB T(K T o 9 s (Fi)) T 

= ®a,bt(KT o e B( -, (F) T + K T o 9 S( -, (F) T ) T 
= e AiB r {{Ki o 9 s <-> (F) + K o 9 B( -) (Fi)) T ) T . 

Hence Equation (jHHJ) is satisfied and H' = 9a (F) oH x + Q a (Fi) o iF 
Since 

9a,b(G) o e A , B (G!) = Qa, b (GGi) 

and 

9A,B(Gf) T o9 A , B (G T ) T = 9 A , B (GfG T ) T 

= 9 A , B ((GG 1 ) T ) T , 

the top right 2n x 2n and the bottom left 2n x 2n blocks of Mo Mi are 

Qa,b(GGi) Q a ,b{GG x , 

Q a ,b(GGi) @a,b(GGi] 

and 

'9a,s((GGi) t ) t 9^ b ((GG 1 ) t ) t 



G A , B ((GG 1 ) T ) T 9^ b ((GG 1 ) t ) t ; ' 
respectively. We conclude that G' = GGi and that 

M o Mi = A4(FFi + -B A (H o i?i) T , GGi, 9.4(F) o ff x + 9 A (Fi) o H) 
n 

belongs to B. □ 



6.7. Theorem. TTie algebra B is a Bose-Mesner algebra whose dimension is three 
times the dimension of M A . 

Proof. It follows from Lemmas 16.31 to that B is a Bose-Mesner algebra. By 
the definition of the matrices in B, the algebra B is the direct sum of three vector 
spaces. The first one consists of matrices A4(F, 0, 0) for all F G M A . This space is 
isomorphic to Af A . The second vector space consists of matrices A4(0, G, 0) for all 
G G J\[ a .b- The third one consists of matrices 7W(0, 0, H) for all H e Ma,b- Both 
the second and the third vector spaces are isomorphic to Na,b- By Theorem 15.41 
Ma and Na.b have the same dimension. Therefore the dimension of B is three 
times the dimension of A/a. D 



BOSE-MESNER ALGEBRAS ATTACHED TO INVERTIBLE JONES PAIRS 



13 



7. A An x An Symmetric Spin Model 



V := 



Let A and B be n x n type-II matrices, and assume A is symmetric. Let d be 
such that d 2 = n. In |11| . Yamada defined a symmetric An x 4ro matrix 

/ dA -dA B(-) B(-)\ 

-dA B(-) 
B(-)t B (-)T dA 

\S(-) T B(-) T -dA dA ) 

and showed that V is a spin model if and only if (A, B) is an invertible Jones pair. 
This extends Nomura's result in [2] which covers only the invertible Jones pairs 
(A, B) where both A and B are symmetric. We give below a different proof for 
Yamada's result. 

First, it is straightforward to check that V is also a type-II matrix. Let B be the 
Bose-Mesner algebra of order An defined in the previous section. 

7.1. Theorem. If (A,B) is an invertible Jones pair and A is symmetric, then V 
belongs to B. 

Proof. Let H = dA. By Equation (|6.1|l . the matrix K paired with H satisfies 

Q A ^(K T ) T = G A , B (dA) = dB. 

Since @a,b t is an isomorphism and Q A B T (dA) T = dB, we conclude that K = 
dA T = dA. Hence V is equal to M(0, A -1 , dA) and it belongs to B. □ 

Assume (A, B) is an invertible Jones pair and A is an n x n symmetric matrix. 
We use the next four lemmas to show that B C Afy If M = M(F, G, H) in B, we 
want to show that Ve r o V^e s is an eigenvector of M for all r, s = 1, . . . , An. 

In the following, we divide V into sixteen n x n blocks. We use Y™^ 3 to denote 
Ve r o y(~)e s when Ve r is the i-th column of the a-th block and W - 'e s is the 
j-th column of the /3-th block. We display the vectors Y"^ to make checking the 
computation easier. 



Y 2 ' 2 = 



r3,3 



r4,4 



/ Ae l o A^eA 
Ae l o A^e 3 
B { - )T ei o B T e 3 
\B^ T e i oB T e j j 

(B^eioBe 3 \ 
B^eioBej 
Aei o A^ej 
i Ae 4 o A^ejj 



( 



/•1,3 



Y 1 ' 2 = Y 

h3 hi 



2,1 



Y 3 ' 4 = Y 



4,3 



dAej o Be 3 
-dAei o _Be, 



/ -Aeio A (_) ej \ 
-Aei ° A (_) ej 

V B^ T e,oB T e 3 ) 

B (_) ei o B ej 
-Ae, o A^e-j 
\-Ae t o A^e, ) 

\ 



d~ l B 



(-)T 



e, o 



A(- 



V-d- i i?(-) T ei oA(-) e ,7 
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Y 1 - 4 = _y 2 ' 3 

i,3 %0 



dAei o Bej 
—dAe.i o Be-, 



\ 



Y 3 ' 1 = 

i,3 



Y ' = 

i,j 



V d-'B^eioA^eJ 
( dT x B^eiO A (-) e/\ 

cL4e; o _B T e, 



V -dAe, o 



/ 



and 



7-4,1 



-Y 



3.2 



— d-Ae^ o B T ej 
\ dAei B T e-j j 
7.2. Lemma. Let M = M(F, G, H) be in B. Then for i,j = 1, . 



Y 1 ' 1 Y 1 



rl,2 



z-2,1 



and Y^ 2 are eigenvectors of M . 



Proof. Note that MY f ^ equals 

/ e A (F)(Ae, o A^e 3 ) + Q A . B {G){B^ T e, o B T e,)\ 
e A 0F)(Ae, o A(-) ei ) + e j 4,s(G)(S^) T e l o B T e 3 ) 
e fl( -j (F)(S(- )T e, o B T e.j) + Q A . B {G T ) T {Ae, o A^e,-) 
\ 9 B (-, (F)(S^) T ei o B T ej) + Q a,b (G T ) T (Aei o A^e,-) / 
which in turn equals 

/ e.4 (e A (F))ij o A(-) ej -) + e A , B (G)(s(-) T ei o s T e ,)\ 

e B( -,T (0 BC -) (F)) id {B^ T e t o B T ej) + Q A MG T ) T (Ae t o A^e,-) 

V B (-jT (e fl( -) (B^ 3 ^ o B T ej) + Q A . B {G T ) T (Ae l o ^ 

Now, we show that Y^ 1 is an eigenvector of M and compute the corresponding 
eigenvalue, which is the ij-th entry in the (1, l)-block of 8y(M). Since A is sym- 
metric, it follows from Equation (14. 1|) that 

e A (6.4(f)) - <d AT (e A (F)) 

= nF T 

= e s( -, r (e s( -,(F)). (7.i) 

Moreover, applying Theorem 13. 21 ifgj) with R equal to G, we have 

x e AtB {G)^B T X B (-)T = A A( -) T X A TA nG T. 
Since A is symmetric, the above equation is equivalent to 

Q A MG)(B { - )T e l oB T e J )^nGl 1 (Ae l oA^e 3 ) (7.2) 
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for i, j — 1, . . . , n. Similarly, applying Theorem 13. 21 (|d) l with R equals to G T gives 

^■ A {-)X A = A b tI b htA„ g t, 



X <S>a,b(G t ) t ^' 



which implies 



for ij = 1, 



MY 



&AMG T ) T (Ae l o A^ej) = nG^iB^e, o B T ej) 
,n. From Equations l|7.1jl . I|7.2j) and (|7.3j) . we see that 

/ 2nF jti (Aei o A (_) e,-) + 2//C", ,; ,1- , o A (_) e,) \ 
2nF jii (Ae i o 4H ej ) + 2nG jii (Ae i o 4H ej ) 



(7.3) 



2nF jji (B^ T e i o B J ej ) + 2nG hl (B ( ~ )1 e t o B J ej ) 
l {B { - )T e l o B T ej ) + 2nG j , i (B^ T e i o B T ej ) / 
2n(F^ + G, Vi )Y 



1,1 



•vt-3,3 "v^ 



and the (1, l)-block of 0y(M) is equal to 2n(F T + G T ). Since YH = Y,^ 2 , the 
(2, 2)-block of Q V (M) is also 2n{F T + G T ). For (a, /3) G {(1, 2), (2, 1)}, 

/ -Q A (F){A ei o A<-> ej ) + 6 A ,i 3 (G)(B(-) T e l o B T ej )\ 

MYQ)/3 = 2 -e^(F)(A ei o A<-) ej ) + 6 A , B (G)( J B(-) T e i o B T ej) 

iJ e B( - ) (F)(B^ T e l oB T e J ) - Q A , B {G T ) T (Ae, o A^e*) 

Vest-, (F)(B<-) T ei o B T Cj) - Q a,b (G T ) T (Aei o A^e*) ^ 

Using the above argument, the (1,2)- and (2, l)-blocks of 6y(M) are equal to 
2n(F T — G T ). ' □ 

7.3. Lemma. Let M = M(F, G, H) be in B. Then for i,j = 1, 
Y£? and YrJ are eigenvectors of M . 

Proof. We have MY^ 3 equals 

/ e A (f 1 )( J B(-)e i oB ej ) + e AiB (G)(AeioA(-)e i ) \ 
GA^CS^ej o B^) + 6A,B(G)(A ei o A^e,) 
9 S( -) (F)(A ei o A^e,-) + e A ,s(G T ) T (B(-) ei o Be,) 
ye B (-)(F)(A ei o A^e 3 ) + e A , B (G T ) T (B^ ei o Be,)/ 
which is equal to 

/e B( -> (GaC^Uj (B H e 1 o5 ej ) + 9 yl , B (G)(Ae 1 oAHe J ) \ 
9 S( -) (Ga^))^ (B(-) ei o Be,) + eA,s(G)(A ei o A(-) ej ) 
8 A (e B( -,(^)) 4J (Ae 4 o A^ej) + @ A>B {G T ) T {B^e i o Be,) 
V 8a (e B( _) {F)) i - (Ae, o A^e,-) + 6A B (G T ) T (B(-» ei o Be,)/ 

We now show that Y 3 ^ 3 is an eigenvector of M, and compute the corresponding 
eigenvalue which is the ij-th entry in the (3, 3)-block of 9y(M). By Corollarv l5.5l 



= e B (e A (F)f 
= B- 1 e A (e A (B))B 

= nB~ 1 F T B. 



(7.4) 
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Applying Corollary 15. 51 to the Jones pair (A,B T ), 

e A (e B( _)(F)) = B T e BT (e B( - ) (F)f(B- 1 ) T 
= B T e Bl - )T (e Bl - ) (F))(B- 1 f 

= nB T F T (B- 1 f 

= nB- 1 (BB T )F T (B~ 1 ) T - 

Since B £ M' A B , it follows from Theorem that BB T G Ma- Now F t belongs 
to Ma, the commutativity of Ma implies 

e A (e B{ - } (F)) = nB- 1 F T (BB T )(B- 1 f 

= nB~ 1 F T B. (7.5) 

From Theorem 15 .61 there exists Gj € Ma,b t such that 

SaMG) = e AiST (Gf) T . 

Hence G\ is paired with G. Applying Theorem 13.21 (|dj with R equals to Gf in 
M A m t yields 

x e A bT (gJ) t ^ai-) tX at = A B X Bi -)A nG T, 
which is equivalent to 

x s a ,b(g)^a(-> x a = A B X B (- } A nG T. 

Consequently 

® A<B {G)(M°A^e j )=n{Gl) id (B^e i oBe j ). (7.6) 

By Lemma lb. 21 G\ is also paired with G T . Applying Theorem 13.21 Q to i? = Gi 

in Ma,b t gives 

-^e^ bT (Gi)AbX bH = A a( -)tX A tA„ g t, 
which is equivalent to 

x e A , B {G T ) T ^B x B i-) — A j4 (-)XaA„ g t 

and 

eAs(G T ) T (B(-)e 2 oBej) - n(G[) !J (ie 1 oA(-)e 3 ). (7.7) 
It follows from Equations ifTIjl . J£EJ, i fTTHft and (f?T|> that 

/ n{B- 1 F T B) i ^{B { - ) e l oBe j )+n{G{) ltJ {B { -- ) e i oBe J )\ 
n{B- 1 F T B) i ^ {B { - ) e l o Be,) + n(Gf )*,.,• (B^e* o Be,) 
7i(fl- 1 F T S) i)J -(Ae i o A^e^ + ^Gf^j^ejoA^ej) 
\ n(B' 1 F T B) hJ (Ae l o + n(Gf ) j , i (Ae i o A^-) / 

= 2n(B- 1 F T S + Gf) iJ Yfj ! . 

Note that Y^j 5 = Yff. Hence the (3,3)- and (4,4)-blocks of Q V (M) are equal to 
2n(B~ 1 F T B + Gi). It is easy to see from the block structure of Y^'j 1 and Y^j 
that the (3, 4)- and (4, 3)-blocks of Q V {M) are equal to 2n(B- 1 F T B - Gf). □ 
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7.4. Lemma. Let M = M{F, G, H) be in B. Then for i,j = 1, 



Y 2 '„ 3 andY?'f are eigenvectors of M . 
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n Y 1 ' 3 Y 1 ' 4 



Proof. We have 



MY, 



1,3 
i,3 



\ 



= 2 



dH(Ae l o Bej) 
-dH(Ae l o Bej) 

dr 1 K(B(-) T e i oA ( '-'>e j ) 
\-d- 1 K(B^ T e i oA^e j )J 

® A ,B{H)ij(dAei o Bej) 
@A,B(H) id (-dAeiO Bej) 
e BH r iAH (iT) i;i (d- 1 J B(-) T e i o A^ ej ) 
\e B( - )TtM - ) (K) iij {-d- 1 B^ T e i oA^e j )J 



By Corollary 



-T\T 



Since X is paired with H, by Equation JfTTJl, the (1, 3)-block of &m(V) is 2Q a ,b(H). 
Similarly, the (2, 4)-, (1, 4)-, (2, 3)-blocks of Q M (V) are equal to 2Q A . B {H). □ 



7.5. Lemma. Let M = M(F, G, H) be in B. Then for i,j = 1, . . . , n, Y-j? , Yfj 8 , 
Y 4 ^ 1 and Y 4 ', 2 are eigenvectors of M . 

Proof. We have 



MY 



3,1 

hi 



( d- 1 H{B^e l o A^ej)\ 
-r 1 J/(B H e,oi(-'e J ) 
dK(Aei o B T e ) 
V -dK{A ei o B T e 3 ) J 
( ©s(-),A(-) {d~ l B^ei o A(-> ei ) \ 

©A,BT( J K')i lJ -(tMej o B T ej ) 



e B ,A(ff T ) 



By Corollary 13. 31 we have 

S<-),A(-)(-^) 

= Q AiB t(K), 

and the last equality follows from the fact that K T is paired with H T . Therefore 
the (3,l)-block of 6y(M) is equal to 20 a ,b(H t ) j \ Similarly, the (4,2)-, (4,1 
and (3, 2)-blocks are equal to 2Q A ^ B (H T ) T 



□ 



7.6. Theorem. If (A, B) is an invertible Jones pair and A is symmetric, then B 
is a subscheme of Afv ■ 
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Proof. For any M £ B, we have shown in Lemmas 17.21 to 17.51 that Yfj is an 
eigenvector of M for all a, j3 £ {1, 2, 3, 4} and i, j £ {1, . . . , n}. Thus M £ Mv and 
BCAf v . □ 

7.7. Corollary. TTie Bose-Mesner algebra B is formally self-dual with duality map 
Qv 

Proof. We see from the proof of Lemmas 1731 to 1731 that for M = M(F, G, H) 
in B, 8y(M) equals 

fnF T + nG T nF T — nG T Qa,b(H) ®A,b(H) \ 

nF T -nG T nF T + nG T &ab(H) Oab(H) 

e AB (H T ) T G AB (H T ) T nB~ 1 F T B + nG\ nB~ 1 F T B — nGf 

\e A ^ B (H T ) T Q a ,b{H t ) t nB- 1 F T B-nGl nB~ l F T B + nG\ j 

where G\ is paired with G, that is 

QaAG)^Qa.bt{G t 1 ) t . 

Since nF T £ Ma and Ma = M A , there exists a matrix F £ Ma such that nF T — 
Qa(F). By Corollary 15. 51 we have 

B~ 1 nF T B = B- 1 Q A (F)B = e B (F) T = Q Bl ->(P). 

By Corollary 15. 71 we have G T £ Ma,b- It follows from Lemma f6. 21 that Gj is also 
paired with G T , whence we have 

Q V (M) = M(2F, 2H, 2nG T ) 

belongs to B. Moreover, the map Oy restricted to B is a duality map of B. □ 

We are ready to prove Yamada's result. 

7.8. Theorem Theorem 1). Let A be a symmetric nx n matrix. Then (A, B) 
is an invertible Jones pair if and only if V is a spin model. 

Proof. Suppose (A, B) is an invertible Jones pair. By Theorems l7.ll and l7.6l the 
matrix V is equal to A4(0, A" 1 , dA) and hence it belongs to My- By Corollarv l7.7l 

Q V (V) = MiO^dA^nA- 1 ). 

If K is paired with H — 2nA~ x , then 

®a,bt(K t ) t = 2ne A , B (A- 1 ) = 2nB { --\ 

which implies K = 2nA~ x = 2A^~\ Therefore 



= 2dV { ~ ] . 
By Theorem 13. 21 we have 

Since V is symmetric, we conclude that (jjV,V^ ') is an invertible Jones pair, 
which is equivalent to saying V is a spin model. 



/ A(-) 




dB 


dB 


\ 


-Ai-) 


A(~) 


dB 


dB 


dB T 


dB T 


A(-) 


-A(- 


) 


V dB T 


dB T 




A i-) 


) 
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Conversely, let V be a spin model, or equivalently, let (^sV, V^) be an invertible 
Jones pair. Since the (1, 3)-block of is equal to B, we have 

VYj;f = 2dB h] Yl;f. 

This equation implies that 

A(Aei o Bej) — Bi j (Aei o Bej) for all i, j = 1, . . . , n. 
By Theorem 13. 21 we have 

XaA-bXa = A b XaA B - 
Similarly, the (3, l)-block of y( _ ) is equal to £? T , we get 

which implies 

^(Aej o S T ej) = B?^ (Aei ° B T e 3 ) for all i, j = 1, . . . , n, 

and 

Thus (A, B) is an invertible Jones pair. D 

It follows from Theorem l4. H and the above theorem that the Bose-Mesner algebra 
Afv is formally self-dual and 0y is a duality map ofMv- 

Given any invertible Jones pair (C,B), it is easy find an odd-gauge equivalent 
invertible Jones pair (A, B) in which A is symmetric, see Section 8 of 0]. By the 
above theorem, we can always construct a symmetric spin model V from every 
invertible Jones pair, or equivalently, every four-weight spin model. 



8. SUBSCHEMES AND INDUCED SCHEMES 

Suppose A and B are n x n type-II matrices. It is easy to verify that the 2n x 2n 
matrix 

A B^ 
-A B(-) 



W 



is also a type-II matrix. Furthermore, if (A, B) is an invertible Jones pair and A is 
symmetric, then we have 

* f w = \( ] i + ( i ~75f) ■FeN A ,GeN A , B \, (8.1) 



(8.2) 



v K F - G F + G / 

and 

Hence the dimensions of Mw an d Mw T equal twice the dimension of Ma- F° r 
details, please see Section 11 of jj- 

Now we have five Bose-Mesner algebras Mv, B, Mw, M w t and Ma associated 
to each invertible Jones pair (A, B) with A symmetric. The aim of this section is 
to show that they satisfy the relations described in the following diagram. 
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M v 

subscheme 



induced scheme 




Let B be a Bose-Mesner algebra on vertex set V. Let Y be a non-empty subset of 
V. For any |V| x |V| matrix M, we use My- to denote the \Y\ x \Y\ matrix obtained 
from the rows and the columns of M indexed by the elements in Y. We let the set 

By- := {M Y : M E B}. 

If By- is also a Bose-Mesner algebra, we say it is an induced scheme of B. Sup- 
pose the vertex sets of Ma, Mw and B are {1, . . . , n}, {1, . . . , 2n} and {1, . . . , 4n}, 
respectively. If Y = {1, . . . ,n}, then it is obvious from Equation 1(8.2(1 that the 
set (Mw t )y is equal to M' A . Therefore Ma — M' A is an induced scheme of Mw T ■ 
Similarly, let Y' = {1, ...,2n}. It follows from Equations 1(6.3(1 and (|8.1jl that 
By = Mw- 

Let B be a Bose-Mesner algebra on vertex set V. Let 7r = (Ci, . . . ,C r ) be a 
partition of V. Define the characteristic matrix S of 7r to be the n x r matrix with 



S u ,k 



1 if u e C fc , 
otherwise. 



We say ir is equitable relative to B if and only if for each matrix M in B, there is 
an r x r matrix Zm satisfying 

MS = SZ M - 

We call the set {Zm ■ M S B} the quotient of B with respect to n. For i = l,...,n, 
let Ci = {i, n + i} and let ir = (C\, . . . , C n ). The characteristic matrix of it is 

S = 1 '" 



In J ' 

Then a matrix 

M= (F + R F-V 
\F-R F + R J 

in Mw satisfies 

MS = S(2F). 

Thus Zm — 2F. By Equation 1)8.1(1 . we see that F E Ma and thus the quo- 
tient of Mw with respect to ir is equal to Ma- Similarly let Ci = {i, n + i}, for i = 
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1,. 

is 



. , n, 2n+l, . . . , in. The characteristic matrix of n' = (Ci, . . . , C„, C; 



n, >^2n+l, ■ 



(In 


°\ 


In 








In 




In) 



S' 



Then a matrix A4(F, G, H) in B satisfies 

/ Qa(F) 

M(F,G,H)S' = 2 



S' 



®a.b(G)\ 
Oa.b(G) 



&a(F) 

e A , B (G T ) T 
\e A , B (G T ) T 

e A (F) 

A,B 



By Corollary 13. 31 we have 

®Bi-\A(-)(G) = Qa,b(G t ) t . 

As a result, Z M ^ F G ^ £ .A/V T and Nw T is the quotient of B with respect to 7r'. 
In addition, it is straightforward to check that the span of the following set 

{M(F,0,H) :FeAf A and H G Ma,b} U {M(0, I n , 0)} 

is also a Bose-Mesner algebra. Therefore it is a subscheme of 23 whose dimension 
equals 2dim(A/^i) + 1. Similarly, the span of the set 

is a subscheme of Mw T whose dimension equals dim (A/a) + 1. 



We now give an explicit description of A/y- 
trices 



9. Comments 

Let 1Z be the space consisting ma- 



( 





N 


-N\ 








-N 


N 


JVi 










\-Ai 


JVi 





/ 



where N and N\ satisfy 

X a -iH. B (-)XnH. A (-)X b -i = As = Xb& A Xn 1 /S.bX a , 

X b tA a XnA b tX a = As 1 =X a -iA B (-)tXn 1 A A (-)X( B -i- ) t, 

for some n x n matrices 5* and Si . Then Ay is equal to the direct sum of B and 
1Z, see page 124 of We see that if Af A bas dimension r, then dim(AV) equals 
3r + dim(7^.). Unfortunately, we do not yet know how to determine the dimension 
of 1Z. We can only conclude that 3r < dim(A/V) < 3r + n. For example, for each 
of the three 4x4 four- weight spin models given in Section 5 of the algebra N A 
has dimension 4 and Ay has dimension 16. The natural problem is to determine 
the dimension of Ay for any invertible Jones pair (A, B). 

We get two link invariants from an invertible Jones pair (A, B) : one from (A, B) 
and the other from the spin model V. It is natural to ask how the two invariants 
are related. In addition, it would be very useful to have a procedure that decides 
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whether any 4n x 4n spin model is gauge equivalent to a spin model that has the 
same structure as V. Such procedure may lead us to the extraction of invertible 
Jones pairs from the spin models of order divisible by four. 

Any new examples of invertible Jones pair will be extremely desirable since there 
is a rich family of Bose-Mesner algebras attached. On the other hand, we are also 
interested in any Bose-Mesner algebras that fit the diagram in Section |H1 because 
they may lead to the discovery of new invertible Jones pairs, hence possibly new 
link invariants. In particular, we have examined the formally-dual pair of Bose- 
Mesner algebras, B\ and $2, constructed from the Kasami codes in [5]. These 
algebras consist of 2 4t+2 x 2 4t+2 matrices and they have dimension six. The Schur- 
idempotents of, say, B\ have valencies 

1, 2 2t+1 - 1, 2 2t+1 - 1, 2 2t+1 - 1, (2 2t - l)(2 2t+1 - 1), and (2 2t - l)(2 2t+1 - 1); 

while the valencies of the Schur-idempotents of B2 are 

1, 2 2t+1 - 1, 2*~ 1 (2 t - l)(2 2t+1 - 1), 2 t ~ 1 (2 t - l)(2 2t+1 - 1), 

2 t " 1 (2 t + l)(2 2t+1 - 1), and 2 t ~ 1 (2 t + l)(2 2t+1 - 1). 

We are interested in these algebras because they are the only known example of a 
formally-dual pair of Bose-Mesner algebras that are not translation schemes. They 
are candidates for Mw and Nw T m °ur diagram. 

In the following, we use the structure of Nw T to rule out the possibility that B\ 
and £>2 fit into the diagram in Section |S| We see from the previous section that 

* ( J 2 «+l\ 

^J 2 4t + 1 ) 

belongs to Mw T ■ Therefore if Af W T equals to B\, then a subset of the Schur- 
idcmpotents of B\ would sum to J. In this subset of the valencies of B± 

would sum to 2 4t+1 . However, we can use elementary computation to prove that it 
is impossible to find a subset of the numbers in the first list above to sum to 2 +1 . 
Consequently the algebra B\ cannot be A/jyT . Similarly, simple computation shows 
that we cannot find a subset of valencies of 62 to sum to 2 4t+1 . We conclude that 
Bi cannot be Ny/T . As a result there does not exist any invertible Jones pair for 
which {£>i,£> 2 } equals {Mw , N w t } . 
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